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1. Notation and results. Let E and F be (real or complex)Banach
spaces.E is said to be finitely representablein F if, given e > 0 and a finite
dimensional subspaceE0 of E, there exists a subspace F0 of F such that

d(E0,F0) _<1 + e, where

d(E0,F0) = inf{ T

T -1 ßT is an isomorphism
fromE0 ontoF0}

denotes the Banach-Mazur distance coefficient. E is said to be superreflexive if every Banach space which is finitely representable in E is reflexive. Super-reflexivity has been characterized in terms of the notion of

J-convexity:supposethat n >_1 and that e > 0; E is said to be J(n, e)convex if, for all Xl,...,

inf

l<k<n--1

x,• in the unit ball of E, we have

Xl q-''' q-Xk -- Xk+l .....

Xn I --•7/-- e.

The "if" part of the followingtheoremwasprovedin [12] and [5], and the
"onlyif" part wasprovedin [10].
TnEOaEMA. E is super-ret•exive
//'and onlyiœEis J(n, e)-convexfor some
n>

--

1 ande>

0.

The main purpose of this article is to extend Theorem A to a certain
class of operators. To this end we introduce some new definitions: an

operatorT on E will be saidto be J(r•,e)-convexifying
(r• _>1 and e > 0)
if, for all x•,...,

inf

0<k<n

x,• in the unit ball of E, we have

x• + . . . + xk + T(xk+• + ... + x•) <_n - e.

When no importanceis placedon e or n we shallsay that T is J(n)convexifyingor simply J-convexifying. T will be said to be an involution

(of ordern _>1) if T '• = I, whereI denotesthe identityoperatoron E.
The followingmain result is provedin Section4 below.
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THEOREM 1.1. Supposethat E admits a J-convexiœying
involution. Then
either co is finitely representablein E or E is super-reflexive.

Combining Theorem 1.1 with the "only if" part of Theorem A gives
rise to the following characterizationof super-reflexiveBanach spaces.
THEOREM 1.2. E is super-reflexiveif and only if co is not finitely representable in E and E admits a J-convexiœyinginvolution.

Theorem 1.1 givesthe followinggeometricalcharacterizationof superreflexive complex Banach spaces.

THEOREM1.3. Supposethat E is a complexBanachspace,that •[ -- 1
and that • 7k 1. Then E is super-reflexiveif and only if there exist n _>2
and e > 0 such that for all x•,..., xn in the unit ball of E, we have

inf

l•k•n

x• •- ..' •- Xk •- •Xk+1 •- •X n _• n - e.

PROOF: Necessityis proved in Corollary 2.3 below. Sufficiencyfollowsfrom

Theorem 1.1 when • is a root of unity (and so multiplicationby h is an
involution)by observingthat co(C) doesnot satisfythe hypothesis.The
casefor general h •= 1 is simply a consequence
of the density of the roots of
unity in the unit circle.

It is not known to me whether the possibility of co being finitely
representablein E in the conclusionof Theorem 1.1 may be eliminated,
but when E is a complex Banach space this can be done.

THEOREM 1.4. Suppose that E is a complex Banach space. Then E is
super-reflexive if and only if E admits a J-convexifying involution.

PROOF: We needonly provesufficiency.It followsfrom the theory of alge-

braic operators(e.g., [11]) that if T is an involutionon E, then E may
be written as a direct sum of closed subspacesEi on which T acts as

multiplicationby a root of unity. If co(C) is finitely representablein E,
then co(C) is finitely representable
in someEl, but this meansthat T is
not J-convexifying.
We concludeby stating a special caseof Theorem 1.3 which may be
regardedas a complexversionof a theoremof R. C. Jameson uniformly

non-square
Banachspaces([8]).
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THEOREM 1.5. Supposethat E is a complex Banach space, that ½ > O,
and that for all x, y in the unit ball of E, we have

miR{ x+y
Then

,]x+iy

}_<2-e.

E is reflexive.

2. J-convexifying operators. In this section we shall make use of the
notion of the numerical range of an operator, which we now define. Suppose

that E is a Banachspace(eitherreal or complex);the collectionII is defined
by

n-- {(x,f):

IIfll-

Ilxll- fCx)- 1} c E x E*.

The numericalrangeof an operatorT on E, denotedW(T), is definedby

w(T) = {f(Tx) . (x, f) ß n}.
PROPOSITION2.1. Supposethat T is a J-convexifying operator on E.

(a)
(b)

W(T) C {z 'Re(z) < 1}.
Iœ T =1 then I + T <2.

PROOF:(a) Lete>0andn_> lbegiven. IfW(T) • {z'Re(z) < 1}then
thereexists(x, f) ß II suchthat Re(f(Tx)) _>• - •/2•. It fonowsthat for
each 0 < k _<n, we have

Ikxq-(• - k)Txk If(•cx
q-(• - k)Tx)lk • - 7'
Hence T is not J-convexifying,and the result follows.

(b) By a theoremof Lumer(e.g.,[2, page82]),wehave

sup{Re(z)
ßzßW(T)}
= lim1_(I +c•T- 1);
but by (a) thereexistst < I suchthat sup{Re(z): z ß W(T)} < t, and
sothereexists0 < c• < 1 suchthat IIZ+ •TI[ < • + •t. Sin• IITII = • it
followsthat [II + TII < 2.
The next result concernsJ-convexifyingoperatorson super-reflexive
spaces.It generalizesone of the implications in Theorem A and servesas a

partial converseto Proposition2.1(b).

182
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PROPOSITION2.2. Supposethat E is super-reflexiveand that T is a norm
one operatoron E with I + T < 2. Then T is J-convexiœying.

PROOF'Selecte > 0 and 6 > 0 suchthat [ I + T [ + e + 6 < 2. If T is not
J-convexifying,then for eachn >_I there exist Xl,..., x• in the unit ball
of E such that

inf

O<k<n

x• + .. . + xu + T(x•+• + .. . + x•) > n - e.

Nowsuppose
that 1 • k • n, that•i • 0 andthat

1•i = •i=•+• •i =

1. Then

k

i=1

•

n

i=k%l

2•.

Usingthe fact that I + T + e + 6 < 2, we obtain

CqXl+-..+c•x•-(c•+lX•+l+...+c•x•)

>2-e-

I+T

>6.

So for each 1 <_k _<n, we have

d(conv(xl,...,xk),conv(xk+l,...,xn) ) >_6.
It followsfrom a characterization
of super-reflexivity
in [9] that E is not
super-reflexive.This contradictionprovesthat T is J-convexifying.
The followingimmediateconsequence
of Proposition2.2 completesthe
proof of Theorem 1.3.
COROLLARY2.3. Suppose that E is a super-reflexive complex Banach

space,that % =1, and that %• 1. Then there existn >_2 and e > O such
that for all Xl,..., xn in the unit ball of E, we have
inf

l<k<n

Xl+...+x•+2X•+l+'"+2x•

_<n-e.

When E is uniformlyconvexthe converse
of Proposition2.1(a) is also
true.
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THEOREM 2.4. Supposethat T is an operator on a uniformly convexspace

E. ThenT is J-convexifying
if and onlyifW(T) C (z 'Re(z) < 1).
PROOF: Necessity is proved in Proposition 2.1 To prove the conversewe

shallsupposethat W(T) C {z' Re(z) < k}, wherek < 1. Select•/ > 0

so that k+ 2•/ T = m < 1 and let e = •/2/8. SinceE is uniformly

convex
thereexists5 C (0,«(I-m))

suchthat if x • 1• 1•[ • 1 and

[x+•
• 2-8• then x-•
• e. Now selectn • 1 suchthat ( T +
8- 1)/(n- 1) • e. Supposethat x•,...•x• lie in the unit ball of E and
that X1 +--' + Xn • n- 5. Then xi + Xj • 2- 5 (1 • i < j • n),
and so xi - xj • e. To obtain a contradictionwe shall supposethat
Xl+...+X•-l+T(x•)
• n-5. Selectf G E* suchthat f = land
f(x• +... + x•_• + T(x•))= X1 +---+ Xn_1 + T(x•) I' It followsthat

max
Re(f(xj))
_•n-n-5- 1 T -> l-e,

•_<j_<n

and so Re(f(xn)) > 1 - 2e _>1 - r/2/4. By the Bishop-Phelps-Bollobas
Theorem(e.g., [2]) there exists(x,g) C II suchthat x- xn < r/ and
g-f

<r/. So

Rc(f(Tx•)) _• Rc(g(Tx•)) + • T
<_k +2r/ T
< 1-25.

Hence x 1•-. ß.-•-Xn_1-•-Txn) ----f(xl •-'''•-Xn--1 •-Txn) _• •/-25, which
is the desiredcontradiction.It folloxvs
that T is J(n, 5)-convexifying.
COROLLARY2.5. The following are equivalent:

(i)

E is super-reflexive;

(ii) if T is an operatoron E suchthat W(T) C {z: Re(z) <
1} thenE canbe tenormeal
so that T is a J-convexifying
operator with respect to the new norm.

PROOF'(ii) implies(i) followsat oncefrom TheoremA by considering
T = -I. To provethat (i) implies(ii) we recallthat a super-reflexive
nachspaceadmitsan equivalentuniformlyconvexnorm ([7]). Moreover,

184
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it is well known(seee.g., [1, page211]) that if (E, I1' II) adnts an equivalent uniformly convex norm then, given e > 0, there exists a uniformly

convexnorm III. III

suchthat (1 -•)11•11_<Ill-Ill <_(mq-)1111for all

x E E. A straightforward perturbation argument involving the BishopPhelps-Bollobastheorem provesthat provided e is sufficientlysmall the nu-

mericalrangeof T with respectto Ill III still satisfiesW(T) C {z: Re(z) <
1}. It now followsfrom Theorem2.4 that T is J-convexifying
with respect
to Ill' Ill.
We concludethis sectionby recallingthe notion of an ultrapower of a
Banach space,which will be neededin Section 4. Let F denote the collec-

tion of all boundedsequences
z = (z,,),,ø•=•
in E, and let b/be a non-trivial
ultrafilteron N. A semi-normon F is definedby IIll- limu II•lI. Quotienting F by the kernel of this semi-normand taking the completiongives

riseto theultrapower
EN/IX. An operatorT on E induces
an operatorf
onEN/IX in theobvious
way.Thefollowing
proposition,
whose
straightforward proof is omitted, will be needed in Section 4.

LEMMA.lieT is a J-convexiieying
operator
onE, then7Pis J-convexiieying
onE N/IX.
We shall alsoneedto usethe fact that E is super-reflexiveif and only

if everyultrapower
EN/IX is reflexive.
3. Generalization of the Brunel-Sucheston technique. To prove
Theorem 1.1 we need to develop the machinery of the Brunel-Sucheston

procedure([4], [5]) in the moregeneralsettingof an algebraof operators
acting on a normed space. Once the definitionshave been decidedupon
muchof the theorycarriesacrossfrom [4], [5]with onlyminormodifications;
when this is sowe shallmerelystate the corresponding
result without proof.
Supposethat A is a real or complexalgebrawith identity and that E is
a normedspace.We shall saythat E is an A-moduleif A acts as an algebra

of boundedoperatorson E. Let N = {c• E A : c•z = 0forallzEE};
then A/N may and shall be regardedas a subalgebraof the algebraof all
operatorson E. Let S denotethe spaceof all sequences
a = (cti)•=1 of
elementsof A with only finitely many non-zero terms.

TItEOREM3.1. Let (!In)nøø=1
be a boundedsequence
in E and supposethat
A/N is separablein the operatornorm topology.There existsa semi-norm
ß on S and a subsequence
(x,,),,•__lsuchthat, for all a • S and e > 0,
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there exists a positive integer v such that

for all integers v _<n• < n2 • "' ß

We shallassumethroughoutthe remainderof this sectionthat (Xn)•¸,

(yn)•¸ andtheseminormß arefixed.If/• isthekernel
ofthissemi-norm
then$/1•' is itselfa normedA-module
•viththeactiondefined
coordinatewise.

PROPOSITION
3.2. S/t•' isfinitelyrepresentable
in E.
We now introducea type of finite representabilitywhich appropriately
reflects the A-module structure. Suppose that E and F are normed Amodules. Then E will be said to be A-finitely representablein F if, for
all positive integersn and N, for all z•,..., Zn in E, and for all n-tuples

(O•f,...,O•n)
• (1 _<k _<N) ofelements
ofA, thereexistWl,.. ., Wn in F such
that

i=•10•
•Zi --• O•
•W
i (e(1
_<k_<
N).
i=1

A standard compactnessargumentshowsthat the abovedefinition coincides
with the usual notion of finite representabilitywhen E and F are just
normed spaces.

PROPOSITION
3.3. S/1•'is A-finitely
representable
in E.
PROOF'Suppose
that i•,...,2n are any vectorsin S/1•' and that
(o•,...,o•) (1 _<k <_N) aren-tuples
of elements
of A. Let z•,...,zn
be representativesfrom S of i•,...,•n.

For m >_ 1, let R,• ß S -• E be

the A-modulehomomorphism
uniquelydefinedby R,•(ek) = z,•+k (here
(ek)•=• is the canonical
basisof S asa freeA-module).Given• > 0, there
exists m > 1 such that
--

• o•ikzi]•m(•
O•ikZi)
i=1

i--1

186
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for each1 _<k <_N. Settingwi = R.•(zi) and usingthe fact that R.• is an
A-module homomorphism,we obtain

i:1

i:1

for each 1 <_k _<N. This completesthe proof.

(S, I' ) hasthe propertythat, for all k >_1, for all natural numbers

n• < n2<.--< n•, andforalla = X/•=•aieiinS,wehaveX/•=•aiei]=
•
. In accordance
with[4]sucha semi-norm
onS willbecalled
Y•-i=i
"invariantunderspreading"(or I.S.). We turn now to definean analogue
of the "equalsignsadditive"normof [5], [6]. For eachn _>1, the averaging
operatorA,, ß$ • $ is defined
by A•(e•) = w(e•
•
+ e•+• +... + e•+•_•)
with extension to S by A-linearity. Given a = a•e• +...

+ arer in S,

we considerthe vectora•A•,(e•l) + ... + a•A•(e•), wheres• > 0, s2 )
Sl + n•,... ,s• ) s•_• + n•-l. The I.S. propertyof [[. II guaranteesth•t
the semi-norm of this vector does not depend on the choiceof s•,...,

s•; it

shallbe denotedby F(a; n•,..., n•).
PROPOSITION 3.4. For each a = a•e• + ... + arer in S, the limit o[

F(a;n•,...,n•)

as inf{n•' I • i • r} • • exists. This li•t,

If K denotesthe kernel of

ß[11,then •/•

is

denoted

ormed A-module;

exactly as in Proposition 3.2 we have the following.

PROPOSiTiON
3.5. (S/K, I 'l l) is both5nitely representable
and A-Snitely
representable in E.

Let [. [be a semi-normon S. Then [-[will be saidto be "equalterms
additive"(E.T.A.) if, for eacha = a•e• +... + a•e• in S with ai = ai+l for
some l•i•r-l,

wehave

a I = a•e• +... + ai_•ei-• + (ai + ai+•)ei + ai+2ei+2+... + arefl.
It is easily seen that an E.T.A. se•-norm is automatically I.S.
PROPOSITION

3.6'

ß

is an E.T.A.

semi-norm

on S.

PROOF' Supposethat a = a•e• +. ßß+ a•er with ai = ai+•. Let b = a•e• +
ß" + ai-lei-1 + (ai + ai+l)ei + ai+2ei+2+'" + arer. The I.S. propertyimplies that F(a; nl,..., hi-iN, W, hi+2,..., nr) = F(b; n•,..., hi-l, 2N, n,
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hi+2, .. ß,n•) for all nx,..., ni_x, r•i+2,.... r•v.N and n. The resultfollows
at

4.

once.

J-convexifying involutions. This sectionis devotedto a proof of

Theorem 1.1. We shall use the ideas of the previous section and follow

the strategyof the proofof TheoremA givenin [5]. Anythingfrom [5]
which transfers with only minor alteration will be stated without proof.
Usingthe notation of the previoussectionwe shall showthat the sequence
x o• containsa subsequence
which is convergentin Cesaromean when
the hypothesesof Theorem 1.1 are met. This will show that E has the
Banach-Saksproperty and, in particular, that E is reflexive.

PROPOSITION
4.1 ([5])' If I e• -- e21 = 0 then (Xn)n•c=•
containsa subsequencewhich is convergentin Cesaromean.
LEMMA 4.2. Supposethat T is a J-convexifyinginvolution on a Banach

spaceE. Thenthereexistsk >_1 suchthat I + T + T 2 + ... + T k = O.

PrtooF:Suppose
thatT isaninvolution
oforderk+ 1. Then T n •/• • 1
as n -• oc, and so T- hi is invertible for all h > 1. It followsthat either
T- I is invertible or that T - I fails to be an isomorphismonto its range:
in the complex case this is just the familiar fact that every point in the
boundary of the spectrumof T is an approximateeigenvalue.If T- I is not
an isomorphismonto its range then, given e > 0, there exists a unit vector

x in E with Tx - x[I < e. It followsthat, for eachn >_1, we have
inf

0<k<n

kx+T((n-k)x)

>_n-he.

Since e is arbitrary, this contradicts the fact that T is J-convexifying. So
T- I is invertible and hence I + T + T 2 + ... + T k = O.

Nowsuppose
that the element• of A satisfies
I + • + ßßß+ •k-• = 0.
We shallsaythat • is cyclicof orderk. A sequence
of vectors(fn)•__l in S
is defined by

f • = e(n-1)k+
l "Jr'
c•e(
n-1)k+
2"Jr'
''' "Jr'
c?-l enk
;
the real vectorsubspacespannedby (fn)no•=•will be denotedF.
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PROPOSITION
4.3. If II • - • II • 0 the• (F, II I) i• • •ormed•p•ce.
PROPOSITION
4.4. (f,•),•øø__
1 is an orthogonalsequence
in F.
PROOF' We have to showthat, for all m > 1, for all real •1,..., •,•, and
for each 1 < r _<m, we have

/•1fl -'{-'''--[-&•f,•lll •

/•1fl --[-'''--[-/•r-lfr-1
+ /•r+lfr+l +"' +/•mfm] ].

The I.S. property is used to write the expressionon the left hand side as
each of the following n expressions:

!1-1-/•r(e(r-1)k+l
q-Oze(r-1)k+2
-1-'''-1-Ozk-lerk
) -1-zl ;
II v +/•r(e(r-1)k+2
nI-Oz½(r-1)k+3
nt-ß. . -1-•k-1erk + •) + zlll',
down

to

[[Y-1-,•r(e(r_l)k+n
nt-Oze(r_l)k+n+
1nt---' nt-Oz
k-1
wherey = Y]i=• &ifi andz = n(Ei___r+l
&ifi) (hereU,• ßS -• S is the
A-modulehomomorphism
definedby Un(ek)= en+kfor all k _>1). Taking
the averageof these, and using the triangle inequality and the fact that
I+ c•... + c•k-• = 0, we obtain

II&•fl
+'"+•fmlll
kII•+zlll--•/llla
+b,
where

6[= e(r_l)k+
1+(1 + oz)e(r_l)k+
2-1-----1-(1
+c•+... + ozk-2)½(r1)k+ k- 1
and

b= ozk-lerk+n_
1-{-(OZ
k-1-lt-ozk-2)erk+n_2-1t-...
-it(Oz
k-1'4-'''-lt-oz)erk+n-k+l
ß
Usingthe I.S. propertyand takingthe limit as n tendsto infinity givesthe
required result.
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(a) (f•)•__• is an unconditional
basicsequence
in F.

(b) Eithercois finitekrepresentable
in F or [ f• +... + f•
increasesto infinity with n.

PROPOSITION
4.6. Supposethat E is a normedA-moduleand that a is a
J-convexifying
cyclicelementof A. Then eithercois finitely representable
in E or E is reflexive.

PROOF'If E isnotreflexive
thenthereexistsa bounded
sequence
(y•)y%•
in E which has no Cesaromean convergentsubsequence.It followsfrom
Propositions4.1 and 4.3 that the spaceF constructedaboveis a norreed
space. If co is not finitely representablein E, then by Proposition3.5
co is not rinkely representablein S/It', of which F is a subspace;so by

Corollary4.5(b), [ f• +.-.+ f•11 increases
to infinitywith •. Nowsuppose
that • is cyclicof order k and is J(r, e)-convexi•ving.For each 1 • j • r
and • • 1, we define

J =(ej+r+•ej+2• + ' '' +•k-lej+kr)
• ''. • (ej+(n-1)kr+r
• '' ' • •k-lej+nkr).

V•

Let d• = v•1 +-.. + v•• + •(v•+l +... +v•)
(0 • s • r); we xvrite
d• • S1 + S2 + S3 by groupingthe terms• follows:
•1 = --e,+l .....

+ •2(e2r+s+l

+'"+c3r+s) +'''+ak-l(es+(k-1)r+l+'''+es+kr)}
+"-+

{(%+•+(•-•)•-, +"' + %+((•-1)•+1)•)

+... + a•-•(e,+•+(,•_l)•+." + e•k•+,)};
S3 = e•k•+,+l + ..-+ e(•k+l)•.
The I.S. property implies that

I v•l = II fl +'--+ f• II
(x • J •
and so &ll/ v•[ll and S3 II/ v• II both tendto zero• n tendsto
infinity.Moreover,
theE.T.A. propertyimpliesthat II&l I = •11v• I. C•
z• = v•/ v• ,so •h• II 411 : x. Then
inf II z•i +...+ z&
- + •(z•+• +.,.+ z•> I•
05j5•
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whereen -• 0 asn -• oc. Hencec•is not J(r)-convcxifying
for (S/K, ]l] ]]]).
But by Proposition3.5 S/K is A-finitely representablein E, and so c• is
not J(r)-convexifyingfor E. This contradictioncompletesthe proofof the
proposition.

PROOF OF TtIEOREM 1.1: Let T be a J-convexifying involution on a
Banach space E and suppose that co is not finitely representable in E.

By Lemma2.6 the inducedoperator• on the ultrapower
EN/Lt is Jconvexifying;
moreover,
• is clearlyalsoan involution.
Let A be thesubalgebra
generated
by • of thealgebra
ofall bounded
operators
onE•v/Lt.
ThenE•v/Ltisa norreed
A-module,
andbyLemma
4.2• isa J-convexifying
cyclicelementof A. It follows
fromProposition
4.6that E•v/Ltis reflexive,
and so E is super-reflexive.
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